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1 Introduction

Let’s briefly recall the setup from the last two talks: X is a smooth formal scheme over O, where
C' is a p-adic perfectoid field. Bhatt-Morrow-Scholze constructs an object AQg in D(X, Aje).
This object recovers several previously known cohomology theories; one comparison we will use
repeatedly is the following:

Theorem 1.1. (Hodge-Tate comparison): Let Spft R C X be an affine open. Set QR =
AQgr ®i f»éOc € D(O¢). This comes with a natural map R — Qpg,' and its cohomology
ring satisﬁes

H*(Qr) = ApQs0, (1)
as a graded R-algebra.

Last week, Joe constructed a commutative algebra object AQ%Y, living in an oo-category
of presheaves defined on small affine opens of X and valued in the derived co-category of W.
He also constructed a Frobenius %7, acting on this object. Our goal is to first push this pair
into the world of 1-categories, and then compare it to the de Rham-Witt complex W23 of the
special fiber of X.

2 Passing to 1-categories

The last talk concluded with the following proposition (10.3.10): the map
Prew - AL — 0 L AQYy (2)

is an isomorphism in CAlg(Fun™ (U(X)gh, D*(W))). In particular, the value of (AQS,,, 95w )

sm?
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on any small open Spf 2 C X is an object in the fixed points co-category D>(W),

We now use the fixed-point theorems of chapter 7 to push this into the world of 1-categories.

*Notes for a talk in Berkeley’s number theory seminar, on Bhatt-Lurie-Mathew’s paper Rewvisiting the de
Rham-Witt complex.
!These are E., — O¢-algebras.
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Proposition 2.1. (Ezample 7.6.5) The co-category D>(W), " s equivalent to the 1-category
Mody (DCg,),? which consists of strict Dieudonné complezes such that the underlying complex
is a complex of W-modules and F is p-semilinear.?

So the pair (AQ3,, §) determines a presheaf AQY; on U(X)gm valued in the 1-category
CAlg(Mody (DCg,)). We claim that this functor is even valued in strict Dieudonné W-algebras
(which we’re about to define). This lets us restate the main theorem: we have an isomorphism
Ay = WQLT of presheaves of strict Dieudonné W-algebras on U(X)g,. Almost all of
this talk will be spent proving this result; afterwards, we will briefly explain the completed
sheafification needed to extract the crystalline comparison itself.

Definition 2.2. A strict Dieudonné W -algebra is a strict Dieudonné algebra A* equipped with
a morphism of Dieudonné algebras W — A*, where W = W (k)[0] is a Dieudonné algebra
concentrated in degree 0. We let DAg,w, denote the category of these, viewed as a full
subcategory of CAlg(Mody (DC)).

Proposition 2.3. (10.5.14) The presheafAQ;Ifl{}; takes values in DCgyy,w, C CAlg(Mody (DC)).

sm,*

Proof. We must show that for every small open U C X, AQy5(U) is a strict Dieudonné
W-algebra. It is strict by construction, and it is concentrated in nonnegative degrees by the
coconnectivity lemma from last time.* So the only property remaining for us to check is the
congruence Fz = 2P (mod V AY) for x € A°. This is nontrivial, so we state it as a separate
proposition. (In fact we will prove the slightly stronger fact that this congruence holds mod

.) O

Proposition 2.4. (10.3.15) Let U = Spf R C X be a small open. Then the pth-power map on
H(AQY W (U)/p) agrees with the map induced by F : AQY W (U) — AQY (U).

Proof. Idea: as is often the case when we need to actually calculate anything about A2, we
will do so by passing to a perfectoid (pro-étale) cover R,. We will show that the relevant
cohomology group embeds Frobenius-equivariantly into R %, and we will check that the maps
agree there.

If we unwind the definitions (and the fixed point proposition from Chapter 7), the Frobe-
nius F induces the endomorphism of AQ;mV;(U )/p = AQpg ®ﬁmf k given by ¢gr : AQr — AQg
and p : k — k.

Since Spf R is small, it admits an étale map to some torus ((A}fn = Spf Oc(T5, ..., TF"). This
torus has a perfection Ggwo = Spf (’)C(Tlil/pw, o ,Tjﬁl/poo), and we define the perfection of R
by

Roo = RBo g, nOc(Ti ", T, (3)

77777

2Perhaps this category would be better written as Mod, w (DCstr)-

3This is actually proved in the generality of an arbitrary ring R equipped with an arbitrary automorphism
o : R — R, rather than W and ¢ specifically.

4Actually, the coconnectivity lemma tells us that H <O(AQ§€“"W @&, W/p") vanishes. But the generalized
Cartier isomorphism tells us that mod-p™ cohomology agrees with W, of the complex.



From BMS, we know that this is an integral perfectoid ring, and the map R — R, has the
following properties:

e R/p — R, /p is faithfully flat.
e R[1/p] — R[1/p] is a pro-étale T-torsor, with I' = Z,(1)%4
o AQp ~ Ln,RT(T, Aipt(Rs)).”
The last item gives us a ¢-equivariant map 7 : AQr — Ajns(Rso)-
A lemma from BMS gives us a Frobenius-equivariant isomorphism Ainf(S)@)ime ~ W (Sk)

for every perfectoid Oc-algebra S. Setting S = R, allows us to identify the image of the
following map:

4

5

6
7

H'(n®4 k) : H(AQr @4 k) = H(Aint(Reo) @5 k)
(A (Ro) @3 W) @F k)

"(W(Ros ) @3 k)
= Roo,k-

(4)
(5)
= (6)
(7)

This is a p-equivariant map of k-algebras, where ¢ acts as desired on the left and by the p-th
power map on the right. So it suffices to prove that this map is injective: if so, then ¢ must
also act by the p-th power map on the left. We do this using the Hodge-Tate comparison: we
can identify the source of the map as

H(AQn ©% k) = HO(AQr ©% 0c) &b k) (®)

= H'(Qr ®5, k) (9)

= H°(Q; R/O¢ ®OC k) (10)

= H"(Q, i) = Bi (11)

and the map turns out to be the obvious one. The map R — R is faithfully flat, so Ry, — Roo
is too. So it is injective, and we are done. O]

3 Recognition criterion for W)

Next we give a criterion for determining whether a given presheaf of strict Dieudonné W-
algebras is isomorphic to WQF!. Essentially, this will say that any such object satisfying the
Cartier isomorphism must be WO

Let A* be a presheaf of strict Dieudonné W-algebras on U(X)sn, equipped with a k-algebra
map

na: OF — H(A*/pA*). (12)

5This appeared at the end of Koji’s talk. It’s the main point of working on small affines: we can calculate
AQ g by passing to a perfectoid cover and computing group cohomology.
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(Recall the generalized Cartier isomorphism: for a saturated Dieudonné complex M*, F" in-
duces an isomorphism W, (M)* — H*(M*/p"M*). So the right-hand side is W;(A)°.) Then
H*(A/pA) is a presheaf of cdgas over k, with differential given by the Bockstein map®, and 74
extends naturally to a map of presheaves of cdgas

NA : Q;IZ* — H*(A"/pA"). (13)
Proposition 3.1. (10.4.3) With the notation above, if 4 is an isomorphism, then there is a
unique isomorphism WQR! ~ A* intertwining nwaq with na.

Proof. By the universal property of W (applied on each small open), n,4 lifts uniquely to a
map ¥ : WQF — A* identifying 14 with nwq.™ This lets us construct a diagram:

HO (¥ /p)

o M HO(WQER /p) ——="H°(A/pA)

H*(W/p

sm,x o~ * sm, * -
Q" o H(WQy " /p) —=H*(A/pA)

WO v A*

The top row here lives in the category of presheaves of F,-algebras, the middle row in the
category of presheaves of F,-cdgas, and the bottom row in the category of presheaves of strict
Dieudonné algebras. The middle row is the mod-p cohomology of the bottom row, and the top
row is the degree-0 part of the middle row.

By construction, the composition across the top row is 4. By the universal property of 2
(and the fact that H*(¥/p) commutes with the Bockstein differentials), it follows that the
composition across the middle row is 774. By assumption, this is an isomorphism, so ¥ /p is
a quasi-isomorphism. But the source and target of ¥ are p-complete and p-torsion-free, so
U is a quasi-isomorphism. Finally, the fixed-point theorems from Chapter 7 imply that a
quasi-isomorphism between strict Dieudonné complexes must be an isomorphism. So VU is an
isomorphism, and it is unique by construction. ]

4 Finishing the comparison

Our goal now is to prove the theorem stated earlier:

Theorem 4.1. (10.4.4) There is a natural isomorphism AQYy, ~ WQL™ of presheaves of
strict Dieudonné W -algebras on U(X)sm.

5The Bockstein map is the connecting homomorphism in the long exact sequence associated to the short
exact sequence 0 — A/pA — A/p*?A — A/pA — 0.

"The original mistakenly says AQ;mV; instead of A*.

8By the generalized Cartier isomorphism from my first talk, we have F : Wi (M)* = HO(M*/pM*) for all
M* € DCgy. Since WQ™1 =0, Wy (WQ*) = WQ°/VWQL.
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Proof. We will apply the recognition criterion to AQ%W. This first requires identifying H O(AQ%;; /D)
and constructing a map 74 to it. In fact we will identify all H ’(AQ;mmj /p) and thereby construct
N4, as the method is the same. Recall that AQ;mW* was constructed by pushing

N

AQS, = AR, W e CAlg(Fun™(U (%)%, D=(W)" ") (14)

sm?

into the 1-category of presheaves of strict Dieudonné algebras on U (X)™. It follows that
H'(AQy /p) = H'(AQR" ®F, k), (15)

the “specialization of H*(AQ$™) to the special fiber of A;,¢”. We can identify this specialization
by passing through the Hodge-Tate specialization:

AQP @ k= (AQF @ - 0c) ®6, k (16)
~ O @b, k, (17)

where Q denotes the Hodge-Tate specialization.

By the Hodge-Tate comparison, on any small open Spf(R) C X, we have

H*(Qp) = Ri00 = NeQRjo (18)
as a graded R-algebra. This is locally free and thus flat over Q. Thus we have
H(AQF /p)(Spf R) = H' (O, @6, ) (
= H'(@yen) ®0, k (20
= Nppjo0. ®oc k (
= NSk = Ri /K (
This gives us an isomorphism of presheaves of graded commutative k-algebras
a: Q" = HY(AQY /p), (23)
where the left-hand side is the presheaf Spf R — Qf . In particular, looking at degree 0, we
have an isomorphism of presheaves of k-algebras

na: Oy = HY(AQT /p). (24)

This gives us almost everything we need to run the machine of the recognition criterion. The
only missing piece is that we don’t know 74 is actually the cdga map induced by n4—because
we don’t know that it respects the differential!

The rest of the proof will consist of checking that 774 identifies the de Rham differential with
the Bockstein map. To do this, we will again use the Hodge-Tate comparison of Alg, and
(briefly) also the proof of the de Rham comparison.



Fix a small open Spf R, and recall that the crystalline specialization map Ay; — W sends
f to p. This allows us to compare the Bockstein constructions for ¢ and p with the following
commutative diagram in D(Ajy¢):

AQp/€ ~ AQp @, 0c AQp /€2 AQg/€ ~ AQp @*

| ~ |

AQp/E R W AQp/€ ®f AQpfE L W

inf

S i

(AQRE),, W) ®% F, (AQpBy, W) ®% Z/p —— (A8, W) % F,.

_O¢

inf,0

The rows of this diagram are exact triangles, and the second row is just the first one ®£11an'
So we get a commutative diagram of connecting maps from the first and last rows:

Pe

Hi(AQr ®% - Oc) H* (AQR @5 - Oc)

inf > inf

| l

Hi((AQRE), W) ©% F,) — % H*L(AQRE, W) ©% F,).

The Hodge-Tate comparison identifies this with:

Be
7 i+1
QR/O QI;_/OC
L 3 j

i p i+1
Oy, — QR

The bottom map is the Bockstein in question, so it suffices to prove that the top map coincides
with the de Rham differential. This is done in (Bhatt’s companion to) BMS. Idea: reduce to
studying @fn by our étale map, then reduce to d = 1 by the Kiinneth formula for differentials.
Then do a group cohomology computation, where the non-integral degree parts go away and
the integral degree parts can be calculated explicitly with a Koszul complex. n

Theorem 4.2. (Main comparison, first version, 10.2.1): There is a natural identification
AQx @4, W = WQ3, of commutative algebras in D(X, W) that carries pxw to @x, .

inf

Proof. We now have an isomorphism W : WQ™ — AQYy of presheaves of strict Dieudonné
W-algebras on U(X)*™. Passing to the derived category gives a - equivariant isomorphism
O : WO — AQ3,, of commutative algebra objects in Fun (U (X)2, D(W)) The objects we

are interested in are the completed sheafifications of the two sides; i.e. their images under the
functor

Giw(~) = lim ((— &y W/p")™). (25)

So applying (AJW to © proves the theorem. n



